We present a novel statistical mechanics formalism for the theoretical description of the process of protein folding↔unfolding transition in water environment. The formalism is based on the construction of the partition function of a protein obeying two-stage-like folding kinetics. Using the statistical mechanics model of solvation of hydrophobic hydrocarbons we obtain the partition function of infinitely diluted solution of proteins in water environment. The calculated dependencies of the protein heat capacities upon temperature are compared with the corresponding results of experimental measurements for staphylococcal nuclease and metmyoglobin.
I. INTRODUCTION
Proteins are biological polymers consisting of elementary structural units, amino acids.
Being synthesized at ribosome, proteins are exposed to the cell interior where they fold into their unique three dimensional structure. The process of forming the protein's three dimensional structure is called the process of protein folding. The correct folding of protein is of crucial importance for the protein's proper functioning. Despite numerous works devoted to investigation of protein folding this process is still not entirely understood. The current state-of-the-art in experimental and theoretical studies of the protein folding process are described in recent reviews and references therein [1] [2] [3] [4] [5] .
In this paper we develop a novel theoretical method for the description of the protein folding process which is based on the statistical mechanics principles. Considering the process of protein folding as a first order phase transition in a finite system, we present a statistical mechanics model for treating the folding↔unfolding phase transition in single-domain proteins. The suggested method is based on the theory developed for the helix↔coil transition in polypeptides discussed in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . A way to construct a parameter-free partition function for a system experiencing α-helix↔random coil phase transition in vacuo was studied in [6] . In [8] we have calculated potential energy surfaces (PES) of polyalanines of different lengths with respect to their twisting degrees of freedom. This was done within the framework of classical molecular mechanics. The calculated PES were then used to construct a parameter-free partition function of a polypeptide and to derive various thermodynamical characteristics of alanine polypeptides as a function of temperature and polypeptide length.
In this paper we construct the partition function of a protein in vacuo, which is the further generalization of the formalism developed in [9] , accounting for folded, unfolded and prefolded states of the protein. This way of the construction of the partition function is consistent with nucleation-condensation scenario of protein folding, which is a very common scenario for globular proteins [18] and implies that at the early stage of protein folding the native-like hydrophobic nucleus of protein is formed, while at the later stages of the protein folding process all the rest of amino acids also attain the native-like conformation.
For the correct description of the protein folding in water environment it is of primary importance to consider the interactions between the protein and the solvent molecules. The hydrophobic interactions are known to be the most important driving forces of protein folding [19] . In the present work we present a way how one can construct the partition function of the protein accounting for the interactions with solvent, i.e. accounting for the hydrophobic effect. The most prominent feature of our approach is that it is developed for concrete systems in contrast to various generalized and toy-models of protein folding process.
We treat the hydrophobic interactions in the system using the statistical mechanics formalism developed in [20] for the description of the thermodynamical properties of the solvation process of aliphatic and aromatic hydrocarbons in water. However, accounting solely for hydrophobic interactions is not sufficient for the proper description of the energetics of all conformational states of the protein and one has to take electrostatic interactions into account. In the present work the electrostatic interactions are treated within a similar framework as described in [21] .
We have applied the developed statistical mechanics model of protein folding for two globular proteins, namely staphylococcal nuclease and metmyoglobin. These proteins have simple two-stage-like folding kinetics and demonstrate two folding↔unfolding transitions, refereed as heat and cold denaturation [22, 23] . The comparison of the results of the theoretical model with that of the experimental measurements shows the applicability of the suggested formalism for an accurate description of various thermodynamical characteristics in the system, e.g. heat denaturation, cold denaturation, increase of the reminiscent heat capacity of the unfolded protein, etc.
Our paper is organized as follows. In Sec. II A we present the formalism for the construction of the partition function of the protein in water environment and justify the assumptions made on the system's properties. In Section III we discuss the results obtained with our model for the description of folding↔unfolding transition in staphylococcal nuclease and metmyoglobin. In Section IV we summarize the paper and suggest several ways for a further development of the theoretical formalism.
II. THEORETICAL METHODS

A. Partition function of a protein
To study thermodynamic properties of the system one needs to investigate its potential energy surface with respect to all the degrees of freedom. For the description of macromolec-ular systems, such as proteins, efficient model approaches are necessary.
The most relevant degrees of freedom in the protein folding process are the twisting degrees of freedom along its backbone chain [6, 7, 9-11, 14, 15, 24, 25] . These degrees of freedom are defined for each amino acid of the protein except for the boundary ones and are described by two dihedral angles ϕ i and ψ i (for definition of ϕ i and ψ i see e.g. [6, 7, 9-11, 14, 15] ).
The degrees of freedom of a protein can be classified as stiff and soft ones. We call the degrees of freedom corresponding to the variation of bond lengths, angles and improper dihedral angles as stiff, while degrees of freedom corresponding to the angles ϕ i and ψ i are soft degrees of freedom [6] . The stiff degrees of freedom can be treated within the harmonic approximation, because the energies needed for a noticeable structural rearrangement with respect to these degrees of freedom are about several eV, which is significantly larger than the characteristic thermal energy of the system (kT), being at room temperature equal to 0.026 eV [13] [14] [15] [26] [27] [28] .
A Hamiltonian of a protein is constructed as a sum of the potential, kinetic and vibrational energy terms. Assuming the harmonic approximation for the stiff degrees of freedom it is possible to derive the following expression for the partition function of a protein in vacuo being in a particular conformational state j [6] :
where T is the temperature, k is the Boltzmann constant, N is the total number of atoms in the protein, l s is the number of soft degrees of freedom, A j is defined as follows:
A j is a factor which depends on the mass of the protein M, its three main momenta of inertia
, specific volume V j , the frequencies of the stiff normal vibrational modes ω the interactions between distant atoms in the unfolded state of a protein is extremely difficult (see Ref. [30] for analytical treatment of interactions in unfolded states of a protein). In this work we assume that all amino acids in unfolded state of a protein move in the identical mean field created by all the amino acids and leave the corrections to this approximation for further considerations.
With the above mentioned assumptions the partition function of a protein Z p (without any solvent) reads as:
where the summation over j includes all ξ statistically relevant conformations of the protein, a is the number of amino acids in the protein and ǫ a (ϕ i , ψ i ) for various conformational states of a particular protein will be discussed below. We consider the angles ϕ and ψ as the only two soft degrees of freedom in each amino acid of the protein, and therefore the total number of soft degrees of freedom of the protein l s = 2a.
Partition function in Eq. (3) can be further simplified if one assumes (i) that each amino acid in the protein can exist only in two conformations: the native state conformation and the random coil conformation; (ii) the potential energy surfaces for all the amino acids are identical. This assumption is applicable for both the native and the random coil state. It is not very accurate for the description of thermodynamical properties of single amino acids, but is reasonable for the treatment of thermodynamical properties of the entire protein.
The judgment of the quality of this assumption could be made on the basis of comparison of the results obtained with its use with experimental data. Such comparison is performed in Sec. III of this work.
Amino acids in a protein being in its native state vibrate in a steep harmonic potential.
Here we assume that the potential energy profile of an amino acid in the native conformation should not be very sensitive to the type of amino acid and thus can be taken as, e.g., the potential energy surface for an alanine amino acid in the α-helix conformation [8] . Using the same arguments the potential energy profile for an amino acid in unfolded protein state can be approximated by e.g. the potential of alanine in the unfolded state of alanine polypeptide (see Ref. [8] for discussion and analysis of alanine's potential energy surfaces).
Indeed, for an unfolded state of a protein it is reasonable to expect that once neglecting the long-range interactions all the differences in the potential energy surfaces of various amino acids arise from the steric overlap of the amino acids's radicals. This is clearly seen on alanine's potential energy surface at values of ϕ > 0 • presented in Ref. [8] . But the part of the potential energy surface at ϕ > 0 • gives a minor contribution to the entropy of amino acid at room temperature. This fact allows one to neglect all the differences in potential energy surfaces for different amino acids in an unfolded protein, at least in the zero order approximation. This assumption should be especially justified for proteins with the rigid helix-rich native structure. The staphylococcal nuclease, which we study here has definitely high α-helix content. Another argument which allows to justify our assumption for a wider family of proteins is the rigidity of the protein's native structure. Below, we validate the assumptions made by performing the comparison of the results of our theoretical model with the experimental data for α/β rich protein metmyoglobin obtained in [23] .
For the description of the folding ↔ unfolding transition in small globular proteins obeying simple two-state-like folding kinetics we assume that the protein can exist in one of three states: completely folded state, completely unfolded state and partially folded state where some amino acids from the flexible regions with no prominent secondary structure are in the unfolded state, while other amino acids are in the folded conformation. With this assumption the partition function of the protein reads as:
where Z i is defined in Eq. (1) Finally, the partition function of the protein in vacuo has the following form:
whereZ
Here we omitted the trivial factor describing the motion of the protein center of mass, which is of no significance for the problem considered, ǫ b (ϕ, ψ) (b stands for bound) is the potential energy surface of an amino acid in the native conformation and ǫ u (ϕ, ψ) (u stands for unbound) is the potential energy surface of an amino acid in the random coil conformation. The potential energy profile of an amino acid is calculated as a function of its twisting degrees of freedom ϕ and ψ. Let us denote by ǫ 0 b and ǫ 0 u the global minima on the potential energy surfaces of an amino acid in folded and in unfolded conformations respectively. The potential energy of an amino acid then reads as ǫ 0 6) is defined as the energy difference between the global energy minima of the amino acid potential energy surfaces corresponding to the folded and unfolded conformations, i.e.
The potential energy surfaces for amino acids as functions of angles ϕ and ψ were calculated and thoroughly analyzed in [8] .
In nature proteins perform their function in the aqueous environment. Therefore the correct theoretical description of the folding↔unfolding transition in water environment should account for solvent effects.
B. Partition function of a protein in water environment
In this section we evaluate E 0 and construct the partition function for the protein in water environment.
The partition function of the infinitely diluted solution of proteins Z can be constructed as follows:
where Z (j) W is the partition function of all water molecules in the j-th conformational state of a protein andZ (j) p is the partition function of the protein in its j-th conformational state, in which we further omit the factor describing the contribution of stiff degrees of freedom in the system. This is done in order to simplify the expressions, because stiff degrees of freedom provide a constant contribution to the heat capacity of the system since the heat capacity of the ensemble of harmonic oscillators is constant. Below for the simplicity of notations we
There are two types of water molecules in the system: (i) molecules in pure water and Thus, in this work we pay the main attention to the accounting for the SASA change arising due to the solvation of side chain radicals.
We treat all water molecules as statistically independent, i.e. the energy spectra of the states of a given molecule and its vibrational frequencies do not depend on a particular state of all other water molecules. Thus, the partition function of the whole system Z can be factorized and reads as:
where ξ is the total number of states of a protein, Z s is the partition function of a water molecule affected by the interaction with the protein and Z w is the partition function of a water molecule in pure water. Y c (j) is the number of water molecules interacting with the protein in the j-th conformational state. N t is the total number of water molecules in the system. To simplify the expressions we do not account for water molecules that do not interact with the protein in any of its conformational states, i.e. N t = max j {Y c (j)}.
To construct the partition function of water we follow the formalism developed in [20] and refer only to the most essential details of that work. The partition function of a water molecule in pure water reads as:
where the summation is performed over 5 possible states of a water molecule (the states in which water molecule has 4,3,2,1 or 0 hydrogen bonds with the neighboring molecules). E l are the energies of these states and ξ l are the combinatorial factors being equal to 1,4,6,4,1 for l = 0, 1, 2, 3, 4, respectively. They describe the number of choices to form a given number of hydrogen bonds. f l in Eq. (11) describes the contribution due to the partition function arising to to the translation and libration oscillations of the molecule. In the harmonic approximation f l are equal to: [20] where ν (T ) l and ν (L) l are translation and libration motions frequencies of a water molecule in its l-th state, respectively. These frequencies are calculated in Ref. [20] and are given in Table I . The contribution of the internal vibrations of water molecules is not included in Eq. (11) because the frequencies of these vibrations are practically not influenced by the interactions with surrounding water molecules.
The partition function of a water molecule from the protein's first solvation shell reads as:
where f l are defined in Eq. (12) and E s l denotes the energy levels of a water molecule interacting with aliphatic hydrocarbons of protein's amino acids. Values of energies E s l are given it Table I . For simplicity we treat all side-chain radicals of a protein as aliphatic hydrocarbons because most of the protein's hydrophobic amino acids consist of aliphaticlike hydrocarbons. It is possible to account for various types of side chain radicals by using the experimental results of the measurements of the solvation free energies of amino acid radicals from Ref. [32] and associated works. However, this correction will imply the reparametrization of the theory presented in [20] and will lead to the introduction of ∼ 20 · 5 additional parameters. Here we do not perform such a task since this kind of improvement of the theory would smear out the understanding of the principal physical factors underlying the protein folding↔unfolding transition.
In our theoretical model we also account for the electrostatic interaction of protein's charged groups with water. The presence of electrostatic field around the protein leads to the reorientation of H 2 O molecules in the vicinity of charged groups due to the interaction of dipole moments of the molecules with the electrostatic field. The additional factor arising in the partition function (11) of the molecules reads as:
where E is the strength of the electrostatic field, d is the absolute value of the H 2 O molecule dipole moment, α is the ratio of the number of water molecules that interact with the electrostatic field of the protein (N E ) to the number of water molecules interacting with the surface of the amino acids from the inner part of the protein while they are exposed to water when the protein is being unfolded (N w ), i.e. α = N E /N w . Note that the effects of electrostatic interaction turn out to be more pronounced in the folded state of the protein. 
where i(j) denotes the number of the amino acids being in the folded conformation when the protein is in the j-th conformational state. Accounting for the statistical factors for amino acids being in the folded and unfolded states, similarly to how it was done for the vacuum case (see Eq. (6)), one derives from Eq. (16) the following final expression:
where the term in the square brackets accounts for all statistically significant conformational states of the protein.
Having constructed the partition function of the system we can evaluate with its use all thermodynamic characteristics of the system, such as e.g. entropy, free energy, heat capacity, etc. The free energy (F ) and heat the capacity (c) of the system can be calculated from the partition function as follows:
In this work we analyze the dependence of protein's heat capacity on temperature and compare the predictions of our model with available experimental data.
III. RESULTS AND DISCUSSION
In this section we calculate the dependencies of the heat capacity on temperature for two globular proteins metmyoglobin and staphylococcal nuclease and compare the results with experimental data from [22, 23] .
The structures of metmyoglobin and staphylococcal nuclease proteins are shown in Fig. 1 . [34] ). Images have been rendered using VMD program [35] .
A. Heat capacity of staphylococcal nuclease
Staphylococcal or micrococcal nuclease (S7 Nuclease) is a relatively nonspecific enzyme that digests single-stranded and double-stranded nucleic acids, but is more active on singlestranded substrates [36] . This protein consists of 149 amino acids. It's structure is shown in Fig. 1a .
To calculate the SASA of staphylococcal nuclease in the folded state the 3D structure of the protein was taken from the Protein Data Bank [37] (PDB ID 1EYD). Using CHARMM27 [28] forcefield and NAMD program [38] we performed the structural optimization of the protein and calculated SASA with the solvent probe radius 1.4Å.
The value of SASA of the side-chain radicals in the folded protein conformation is equal to S f =6858Å 2 . In order to calculate SASA for an unfolded protein state, the value of all angles ϕ and ψ were put equal to 180 • , corresponding to a fully stretched conformation.
Then, the optimization of the structure with the fixed angles ϕ and ψ was performed.
The optimized geometry of the stretched molecule has a minor dependence on the value of dielectric susceptibility of the solvent, therefore the value of dielectric susceptibility was chosen to be equal to 20, in order to mimic the screening of charges by the solvent. SASA of the side-chain radicals in the stretched conformation of the protein is equal to S u =15813
The change of the number of water molecules those interacting with the protein due to the unfolding process can be calculated as follows:
where S u = 15813Å 2 and S f = 6858Å 2 are the SASA of the protein in unfolded and in folded conformations, respectively and n is the density of the water molecules. The volume of one mole of water is equal to 18 cm 3 , therefore n ≈ 30Å −3
To account for the effects caused by the electrostatic interaction of water molecules with the charged groups of the protein it is necessary to evaluate the strength of the average electrostatic field E in Eq. (15) . The strength of the average field can be estimated as E · d = kT , where d is the dipole moment of a water molecule, k is Bolzmann constant and T=300 K is the room temperature. According to this estimate the energy of characteristic electrostatic interaction of water molecules is equal to the thermal energy per degree of freedom of a molecule.
The total number of water molecules that interact with the electrostatic field of the protein can be estimated from the known Debye screening length of a charge in electrolyte as follows:
where N q is the number of charged groups in the protein, ρ is the density of water and λ is the Debye screening length. Debye screening length of the symmetric electrolyte can be calculated as follows [39] :
where ǫ 0 is the permittivity of free space, ǫ is the dielectric constant, N A is the Avogadro number, e is the elementary charge and I is is the ionic strength of the electrolyte.
The experiments on denaturation of staphylococcal nuclease and metmyoglobin were performed in 100 mM ion buffer of sodium chloride and 10mM buffer of sodium acetate respectively [22, 23] . The Debye screening length in water with 10 mM and 100 mM concentration of ions is λ d =30Å and λ d =10Å at room temperature respectively. [40] for the atoms fully exposed to the solvent). However, we expect that the more accurate analysis accounting for the spatial variation of the electric field will not change significantly the results of the analysis reported here, because it is based on the physically correct picture of the effect and the realistic values of all the physical quantities. At physiological conditions staphylococcal nuclease has 8 charged residues [41] . The value of α for this protein varies within the interval from 1. E 0 is rather difficult. It is a separate task which we do not intend to address in this work.
Instead, in the current study the energy difference between the two phases of the protein is considered as a parameter of the model. We treat E 0 as being dependent on external properties of the system, in particular on the pH value of the solution.
Another characteristic of the protein folding↔unfolding transition is its cooperativity.
In the model it is described by the parameter κ in Eq. The values of E 0 for staphylococcal nuclease at different values of pH are given in Table II .
For the analysis of the variation of the thermodynamic properties of the system during the folding process one can omit all the contributions to the free energy of the system that do not alter significantly in the temperature range between -50 • C and 150 • . Therefore, from the expression for the total free energy of the system F we can subtract all slowly varying contributions F 0 as follows: 
With the use of Eq. (19) on can calculate the heat capacity of the system as follows:
where the factors A and B are responsible for the absolute value and the inclination of the heat capacity curve respectively. These factors account for the contribution of stiff harmonic vibrational modes in the system (factor A) and for the unharmonic correction to these vibrations (factors B and T 0 ). The contribution of protein's stiff vibrational modes and the heat capacity of the fully unfolded conformation of protein is also included into these factors.
In 
B. Heat capacity of metmyoglobin
Metmyoglobin is an oxidized form of a protein myoglobin. This is a monomeric protein containing a single five-coordinate heme whose function is to reversibly form a dioxygen adduct [42] . Metmyolobin consists of 153 amino acids and it's structure is shown in Fig. 1 on the right.
In order to calculate SASA of side chain radicals of metmyoglobin exactly the same procedure as for staphylococcal nuclease was performed (see discussion in the previous subsection Solid lines in Fig. 3 show the dependence of the metmyoglobin's heat capacity on tem-perature calculated using the developed theoretical model. The experimental data from
Ref. [23] are shown by symbols.
Metmyoglobin experiences two folding↔unfolding transitions at the pH values exceeding 3.5 which can be called as cold and heat denaturations of the protein. The dependence of the heat capacity on temperature therefore has two characteristic peaks, as seen in Fig. 3 . The good agreement of the results of calculations obtained using the developed formalism with the results of experimental measurements demonstrates that it can be used for the analysis of thermodynamical properties of many biomolecular systems. Further development of the model can be focused on its advance and application for the description of the influence of mutations on protein stability, analysis of assembly and stability of protein complexes, protein crystallization process, etc.
